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1 Introduction 

Demazure's character formula for arbitrary Kac-Moody Lie algebra was given 
by S.Kumar and O.Mathicu independently by using geometric methods. 

In 1995, P.Littelmann gave some conjecture (partially solved by himself) about 
the relation between Demazure's character formula and crystal bases M , which 
was solved affirmatively by M.Kashiwara H . Then it gave purely algebraic proof 
for Demazure's character formula for symmetrizable Kac-Moody Lie algebras. 
Here let us see those formulations. Let g be a symmetrizable Kac-Moody Lie 
algebra (in the context of "crystal base", we need "symmetrizable"), and n + be 
the nilpotent subalgebra of g. Furthermore, let Z[P] be the group algebra of the 
weight lattice P and W be the Weyl group associated with g. Then Demazure 
operator D w : Z[P] — ► Z[P] (w £ W) is given as follows: for i £ I (index 
set) we set D t {e x ) := e A (l - e -(i+<fci>A>W)/i _ e -<*< an d for w = s i; • ■ • s n set 
D w :— Di t ■ ■ ■ which is well-defined. Let V(A) be the irreducible highest 
weight module with the highest weight A and u w \ be the extrmal vector with 
the weight wX (w £ W). Then, Demazure's character formula is described as 
follows: 

ch(U(n + )u w \) = D w (e x ). (1.1) 

In 0, Littelmann gave the following conjecture: Let V(X) be the irreducible 
U q (q) -highest weight module with the highest weight A and (L(X), B(X)) be its 
crystal base. Then there exists a subset B W (X) C -B(A) such that 

U+(2)u wX nL(X)/U+(g)u wX nqL(X)= Q6, (1.2) 

beB w (X) 

J2 b = r a n ---D ll u Xl (1.3) 

beB w {\) 

where u\ is the highest weight vector with the weight A and 2), is the additive 
operator on Z® s ^ given by: 



D h . = j Eo< fe <</H,«,t(6)) l k b if (K, wt(b)) > 0, 
^' •E 1 <K-(/. i M«) g * i i/(^,^(6)}<0. 



We call the left-hand side of (1.2) crystallized Demazure module of V(A) ass- 
ciated with w £ W . Here we know that Littelmann's conjecture implies De- 
mazure's character formula by the following way: Define the operator ewt : 
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z es(A) — } z j F ] by ewt ^ ._ eW t(b) for b E B ^ and ewt ( bi + ^ = eurf^!) + 

ewt(b 2 ). Now, we have ewt^ib) = Di(ewt(b)). Thus, by ( [L2|) and ( |L3| ) wc 
have 

ch{U+(o)u w \) = ewt(J2beB w (x) b ) = ew*(®i, • ■ • S^wa) 
= A, ■■■D il ewt{u x ) = A, ■ ■ ■ D il (e A ) = D w (e x ). 

In S, Kashiwara shown the existence of B W (X) for arbitrary symmetrizable 
Kac-Moody cases and characterized it as follows: 

Theorem 1.1 ([§) (i) i t B w (X) C B W (X) U {0}. 

(m) If SiW < w (Bruhat order), then B w {\) — {f^b; k > 0, 6 G P sl0 (A), e^fc = 
0}\{0}. 

(m) Por any i-string S, S fl B w (\) is either empty or S or {the highest weight 
vector of S }. 

In p],po|, we developed the polyhedral realization of crystal bases. We 
shall explain the relations between crystal bases of Demazure modules and the 
polyhedral realizations briefly. Let i = • • ■%}., • ■ • , 12, i\ be an infinite sequence 
from the index set / satisfying some condition and A be a dominant integral 
weight. Then there exists the embedding *, (A) : B(X) ^ Z^[A](= Z°°). The 
exact image of is described (under some assumption) as a subset in Z°° 
given by some system of linear inequalities, which is called polyhedral realiza- 
tion. Let w = Si t ■ ■ ■ Si t (reduced expression) be an element in W and take a 
sequence l — (jk)k>i which satisfies u- — jk (1 < k < I). Then in this paper, 
the subset ^{ x \b w (X}) is given as a set of lattice points of some convex poly- 
tope in Z°°, where "polytope" means a bounded polyhedron. Furthermore, we 
succeed in giving explicit form of extremal vector ^{^(uwx) which is contained 
in ^[ X \b w (\)) as the unique solution of some system of linear equations. 

The organization of this paper is as follows: In Sect. 2 we review the polyhe- 
dral realizations of crystals. We shall describe the polytopes for -Bm(A) in Sect. 
3 and the extremal vectors in Sect. 4. 



2 Polyhedral realizations of crystals 
2.1 Notations 

We list the notations used in this paper. Most of them are same as those in 
[0. 

Let q be a symmetrizable Kac-Moody algebra over Q with a Cartan subal- 
gebra t, a weight lattice Pet*, the set of simple roots {a^ : i € 1} C t*, and 
the set of coroots {hi : i € P} C t, where / is a finite index set. Let (h, A) be 
the pairing between t and t*, and (a, (3) be an inner product on t* such that 
(a,, a,) 6 2Z> and {h u \) = g^g for A € t*. Let P* = {h G t : (h, P) C Z} 
and P+ := {A G P : (hi,X) € Z>o}. We call an element in P+ a dominant 
integral weight. Here we define a partial order on P by: For A, fi G P, A >- fi 
A — ^ G ©ie/Q>o a i- The quantum algebra P 9 (g) is an associative Q(<7)-algebra 
generated by the e^, fi (i G I), and q h (h G P*) satisfying the usual relations. 
The algebra U~(q) is the subalgebra of U q (q) generated by the fi {i G I). 
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For the irreducible highest weight module of U q (g) with the highest weight 
A £ P + , we denote V(A) and its crystal base we denote (L(X), B(X)). Simi- 
larly, for the crystal base of the algebra U~(q) we denote (L(oo), -B(oo)) (see 

§,§,11). Let tt\ :U-(q) — V(X) S C/-( )/E l U q (&)fl +{h '- X) be the canon- 
ical projection and 7?a : L (oo) / qL (oo) — > L(X)/qL(X) be the induced map from 
tt a . Here note that tt x (B(oo)) = B(X) U {0}. 

By the terminology crystal we mean some combinatorial object obtained by 
abstracting the properties of crystal bases. Indeed, crystal constitutes a set B 
and the maps wt : B — ► P, e i; <pt : B — ► Z U I— 00} and Si, fi : B U {0} — ► 
£ U {0} (i £ I) with several axioms (see @,§,[0). In fact, B(oo) and B(X) 
are the typical examples of crystals. 

It is well-known that U q (g) has a Hopf algebra structure. Then the tensor 
product of f7 g (g)-modules has a [7 9 (g)-module structure. The crystal bases have 
very nice properties for tensor operations. Indeed, if (L i: Sj) is a crystal base of 
J7 g (g)-module Mi (i = 1,2), (Li® j4 L 2 , B X ®B 2 ) is a crystal base of Mi®q ((j) M 2 
(0]). Consequently, we can consider the tensor product of crystals and then they 
constitute a tensor category. 



2.2 Polyhedral Realization of B(oo) 

In this subsection, we recall the results in ||. 
Consider the additive group 

Z°° := {(• • • ,x k , ■ ■ ■ ,x 2 ,xi) : x fe e Z and x fc = for fc > 0}; (2.1) 

we will denote by Z2? C Z°° the subsemigroup of nonnegative sequences. To 
the rest of this section, we fix an infinite sequence of indices l — • ■ ■ , i)., • • ■ ii 
from / such that 

ik 7^ ifc+i and jj{fc : if. = 1} = 00 for any i £ I. (2-2) 

We can associate to 1 a crystal structure on Z°° and denote it by (|)], 
2.4]). 

Proposition 2.1 ([§, See also [^]) There is a unique embedding of crystals 
(called Kashiwara embedding) 

* t : fl(oo) Zg, C Z~, (2.3) 

smc/i ttaf *i(tioo) = (• ■ • ,0, • • • ,0, 0). 

Consider the infinite dimensional vector space 

Q°° := {x = (■ ■ ■ ,Xk, ■ ■ ■ , x 2 ,xi) : Xk £ Q and Xk = for k > 0}, 

and its dual space (Q°°)* := Hom(Q°°,Q). We will write a linear form ip £ 
(Q°°)* as tp(x) = J2k>i VkXk (<Pj £ Q)- 

For the fixed infinite sequence i = (ik) we set := min{^ : I > k and ik = 
ii} and k^ :— max{Z : I < k and ik = ii} if it exists, or fc*-"- 1 = otherwise. 
We set for x £ Q°°, (5 (x) = and 

(3 k (x) := Xk + ^ ( h ik' a y) x 3 + x k(+) (k>l)- (2.4) 

k<j<k(+) 
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We define a piecewise-linear operator Sk — Sk. L on (Q°°)* by 



<y3 - PkPk if <Pk. > 0, 



Here we set 



: = { s 3i ■ ■ ■ Sj 2 S h x jo \l > 0,jo,h,---Ji > 1}, (2-5) 

S t := {a; £ Z°° C Q°° | y>(x) > for any tp E 3 J. (2.6) 

We impose on t the following positivity assumption: 

if = then tp/. > for any <p(x) = J2k PkXk € 3 t . (2-7) 



Theorem 2.1 ([g]) Let t be a sequence of indices satisfying (2.2) and ( 2. ' 
TTien we ftaue Im(vl> t )(= B(oo)) = E t . 

2.3 Polyhedral Realization of 5(A) 

In this subsection, we review the result in [|l0|. In the rest of this section, A 
is supposed to be a dominant integral weight. Let R\ := {r\} be the crystal 
defined in jLO). Consider the crystal B(oo) <g) R\ and define the map 

$ A : (B(oo) ® J?a) U {0} — ► B(X) U {0}, (2.8) 

by $a(0) = and $A(&<S>rA) = 7Ta(&) for 6 G B(oo). We set 

B(A) := {b ® r A £ S(oo) ® i?A | $a(& ® r A ) ^ 0}. 

Theorem 2.2 ([0) (i) The map $a becomes a surjective strict morphism 
of crystals B(oo) <g> i?A — > 

(ii) -B(A) is a subcrystal of B(oo) ® R\, and $a induces the isomorphism of 
crystals B(X)-^B(X). 

Let us denote <g) i?A by [A] . Here note that since the crystal R\ has 
only one element, as a set we can identify Z^°[A] with ZJ 50 but their cry stal 
structures are differ ent. As for the explicit crystal structure of Z^° [A] , see 
below. By Theorem |2.2| , we have the strict embedding of crystals £l\ : B(X)(= 
B(X)) <—> B(oo) ® R\. Combining S}\ and the Kashiwara embedding we 
obtain the following: 

Theorem 2.3 (@) There exists the unique strict embedding of crystals 

^ : B(X) 24 B(oo) ® i? A Z~ ® i?A =: Z~[A], (2.9) 
swc/i i/iaf *P°(u A ) = (•••, 0,0,0) ®r A . 
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We fix a sequence of indices i satisfying (2.2) and take a dominant integral 
weight A G P + . For k > 1 let k^ be the ones in 2.2. Let k (x) be linear 
functions given by 

= (Jk(x) - <7 k (+)(x) = x k + ^2 (hi k , atij }xj + x k w , (2.10) 

fc<j<fc<+> 

/3l~\x) (2.11) 
| ^k^{x)-^k{x)=x kl - ) +Yl k (.-) <j<k {hi k ,a ij )x j +x k if fc (_) > 0, 
\ o-o fe) («) -o- fc (a;) = -{hi k ,X) + J2i<j<k( h ih> a ij) x j + x k if k { - ] = 0, 

(As for the functions Ok and (Jq see (3.1) and ( |3.2j ) below.). Here note that 
= p k and = k i-) if fc(-) > 0. 
Using this notation, for every k > 1, we define an operator S k = Sk,i for a 
linear function ip(x) — c + J2k>i fkXk (c, <p k G Q) on Q°° by: 



Sk (<f) 



ip - ipk/3 k if <Pk > 0, 
If - ifkPk if < 0. 



For the fixed sequence i — (ik), in case k^~' = for k > 1, there exists 
unique i G / such that = i. We denote such k by namely, is the first 
number k such that ik = i- Here for A G P+ and i G I we set 

AW(i):=-/3 i ( - ) (a:) = (ft i ,A)- ]T (/*, - x lW . (2.12) 

For i and a dominant integral weight A, let S t [A] be the set of all linear 
functions generatd by Sk — Sfe, t from the functions Xj (j > 1) and A^ (i G I), 
namely, 

3 4 [A] := • • • Xj : Z > 0, j , • ■ ■ , ji > 1} (2 ^ 
U{S Jk ---S n \^(x) : fc>0, ieI,ji,--Jk>l}. 

Now we set 

S t [A] := {x G Z~[A](C Q°°) : <p(x) > for any ip G S t [A]}. (2.14) 

For a sequence t and a domiant integral weight A, a pair (t, A) is called ample 
if SJA] 3 0= (•••,0,0). 

Theorem 2.4 ([[To|]) Suppose that (t, A) is ample. Then we have Im(^i^)(= 
B(A)) = E t [A]. 



3 Crystallized Demazure modules 

3.1 Structure of Z~ [A] 

We shall review an explicit crystal structure of Z°°[A] in [pL~0fl . Fix a sequence 
of indices t := (ife)fc>i satisfying the condition (2.2) and a weight A G P. (Here 
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we do not necessarily assume that A is dominant.) As we stated before, we can 
identify Z°° with Z°°[A] as a set. Thus Z°°[A] can be regarded as a subset of 
Q°°, and then we denote an element in Z°°[A] by x = (• • • , x k , • • • ,X2, X\ ). For 
x = (• • • , Xk, ■ ■ ■ , X2, xi) 6 Q°° we define the linear functions 

a k {x) := x k +y j {hi k ,a ij )x j , (k > 1) (3.1) 
j>k 

af{x) := -</» i ,A)+53(h i ,a 4i )x J , (i € I) (3.2) 
i>i 

Here note that since = for j > on Q°°, the functions a k and <7q are 
well-defined. Let a^(x) := maxfe :ifc= jcrfe(a;), and AfW : = {fc : i fe = i,a k (x) = 
aW(x)}. Note that cr ( ^(a;) > 0, and that MW = mW(i) is a finite set if and 
only if a®(x) > 0. Now we define the maps e, : Z°°[A] U {0} — > Z°°[A] U {0} 
and fi : Z°°[A] U {0} — > Z°°[A] U {0} by setting e*(0) = /;(0) = 0, and 

(fi( x ))k = Xk + S k ,wiaMm if ct w (x) > cr^(x); otherwise / 2 (x) = 0, (3.3) 

{&i{x))k = x k —S k max Af(;) if <7^(a;) > and a^(x) > (Jq (x); otherwise Ci(x) = 0, 

(3-4) 

where Sij is the Kronecker's delta. We also define the functions wt, £j and 
onZ°°[A]by 

oo 

wt(x) := A — sCjQfy , (3-5) 

3=1 

Ei(x) :=max{a^{x),a^(x)) (3.6) 
93 4 (x) := (hi,wt(x)) +£i(x). (3.7) 



Note that by ( |3.5| ) we have 

(^,t£rt(x)) = -<7-^(a!). (3.8) 
3.2 Polytopes for B to (A) 

In this section, we describe the explicit form of the polytopes corresponding to 
the crystals of Demazure module B W (X) (A 6 P + ) as in the introduction. 

By the characterization of B W (X) given in Theorem 1.1 (ii), we can construct 
it inductively according to some reduced expression of w. Indeed, we have 
-Bi(A) = {u\} (where 1 is the identity of W) and then we obtain B Si (X) — 
{fi u \'ik > 0} \ {0}. Since := (•■•,0,0) corresponds to the highest weight 
vector, by (3.3) the image by ' is given by; 

S Si [A] :={(•••, 0, 0, k);0< k < (hi, A)}, 

where i\ — i for i = (ik)k>x- 

For w £ W, let us fix one reduced expression w = Si L Si L1 ■ ■ ■ Si 2 Si 1 and let 
l := (jk)k>i be the infinite sequence of indices such that i k = jk for 1 < k < L. 
Here we do not necessarily assume that (t, A) is ample. In this setting, we have 
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Proposition 3.1 Set 

£ W [A] :={(•••, x k ,x k - l3 --, x 2 , Xl ) Glm(*W) | x k = for k > L}. (3.9) 
TTien we have ^[ X) (B W (X)) = E TO [A] . 

Proof. We shall show by induction on the length of w. If the length of w 
is equal to 0, then w = 1. So we have Si (A) = {u\} and then * t (i?i(A)) = 
{(•••, 0, 0)}. If the length of w is equal to 1, then we can set w = Si x . As we 
have mentioned above, the image of B Sii (A) by \ti is 

/(A) 



{(••■, a*, si) G Im(*^) a; 2 = x 3 = ■ ■ ■ = 0} = S Sij [A] 

Fix w — s iL s ih-i ' ' ' s i2 s ii (reduced expression), and set w 1 : — 
By the hypothesis of the induction, we have 



^(B W/ (X)) = Z W .[X\ :={(••• ,x k , ■■■ , x 2 ,xi) G Im(*< A >) | z fe = for fc > L-l}. 

(3.10) 

Here we show 



f\ x G E W [X] U {0} (for any x G T, w >[\] and any I G Z> ), 



(3.11) 



by the induction on I. For x G Y* w > [A ] and k > L such that i k — %l, we have 
o~ k {x) = <7l(x) — (as for a k see (3^)). It follows from (3^), that if f iL x ^ 0, 
then its fc-th entry is equal to 0. Thus, we have 

f lL x G E„[A] U{0}. 

Suppose that 

^xeE^A] (3.12) 

and set its L-th entry x' L (> 0). By ( 3.12| ), we have a k (f- L x) — (k > L and 
ik — *l) and also we have aL{fl L x) = x' L > 0. This implies 

a k (f l lL x) < a L {f\ L x) < a^XJl L x). (3.13) 

It follows from (|J) again that we have f^x G S„,[A]U{Q} and then ^[ X) (B W (X)) C 
E«,[A]. 

Next, we are going to show the opposite inclusion. For any x — (■ • ■ , x k , • • • , X2,Xi 
E w [A], by (0) we have 



e lL (x) = max k . ik=iL {(j k {x) 1 a^ L \x)} > a L (x) = x L . 



(3.14) 



(note that £ (a;) is never 0) and 



Since the action of ii only reduces some entry in x, we have (a;) G Su,[A], 

(3.15) 



By fl3.14| ) and |Tl~5|) , we have 



{^"\x))l{= i-th entry of <?£ {x \x)) = 0. 



(3.16) 
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Thus, we have e^ L L[x \x) g E„,/[A]. Therefore, by Theorem [u](ii), we get 

* G ^ i(35) ^[A] = ~C^^{B W ,{\)) c *W(S W (A)). (3.17) 



'11 — WL"J J| L 



Now we obtain the opposite inclusion E TO [A] C (B W (X)) and then completed 
the proof. rj 
Practically, we need the assumption "ample" . If (A, l) is ample, we can write 



Proposition 3.1 in the following form: 



Proposition 3.2 If (A, t) is ample, we have 

(p(x) > for any ip g S t [. 
£/c = /or k > L. 

(3.18) 



where 3 t [A] is given in (2.1c) 



Now, we obtain the convex "polytope" for B W (X). 

In H, Kashiwara also introduced the crystal B w (oo) C B(pc). This possesses 
the following remarkable property: 

If 6 G B(oo) and w € W satisfy /j& g B w (oo), then /^fr g £^(00) for any k > 0. 

This is used for proving Theorem [hi] (iii) . 
It is characterized by the following; 

(i) B w (oo) = {iioo} if w = 1. 

(ii) if Siiv < w, then S w (oo) = Ufc>o fi B s z w(oo). 

This implies that B w (oo) has also the similar description to B W (X). 
Proposition 3.3 (i) We have 

V L {B w (oo)) = {(■■■,x k ,---,x 2 ,xi) g Im(*J \x k = for k > L} 



(ii) If i satisfies the condition (2.1), we have 

<f(x) > for any ipeH, 



9^(00)) = \x=(-,x k ,~.,x 2 ,x 1 )€Zl , li=()lmh j 
where 3 t is given in t2. 



3.3 Semi-simple cases 

In this subsection, let g be a semi-simple Lie algebra, W be the corresponding 
Weyl group and wq g 17 be the longest element with the length Iq. 

In pi] , Proposition 4.2] we have shown by using the braid-type isomorphisms 
that B(X) can be embedded in the finite rank Z-lattice Z l ° . Here we obtain its 



simpler proof as an application of Proposition 3.1. Indeed, in this case, since 
7(A) = V Wa (A), we have B(X) = B Wo (X). This implies: 

Proposition 3.4 There exists the following embedding, 

*< A > : B(X)(= B W0 (X))^E W0 [X] ^ Z l ° , (3.19) 

where i is an infinite sequence of indices such that its first Iq subsequence 
il , ii —i, ■ ■ ■ , i\ is a reduced longest word associated with the longest element 
w (see $J2, 4.2]). 
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4 Extremal vectors 

We still keep the notations of 3.2 and we do not necessarily assume that (A, t) 
is ample. 

4.1 Explicit description of extremal vectors 

For w £ W, we call wX the extremal weight of B(X) and call the unique element 
u w \ G B(X) W \ extremal vector with the extremal weight wX. 

The image of u w \ by is included in S W [A]. We are going to determine 
it by the following way. 



Proposition 4.1 Forw £ W (length(w) = L), set x w — (• • • , Xk, • • • , X2,Xi) := 

(u w \). Then the elemt 
system of linear equations: 



^ 1 {u w \). Then the element x w is given as the unique solution of the following 



x k =0 for k > L, 

(3\r\x) — for k < L, ( ' ' 



where the linear function fli ^ is as in (2.11) 



Proof. The equations eq(L) 

[3{-\x) = [3 < f\x) = --- = (3 ( i\x) = Q. 

is the system of the linear equations in indeterminates xi, x%, • ■ ■ , xl- If we write 
eq(L) in a matrix form Ax = £ where x = (x±, ■ ■ ■ , xl), due to the explicit form 



of 0l ' in (2.11), the matrix A is a triangular integer matrix whose diagonal 



entries are all 1 and the vector £ = ■ • • , is given by = (h ik , X) if k^~' — 
and otherwise = 0. Thus, the equation eq(L) can be solved uniquely and all 
the entries are integers. We set the solution (j/i, • ■ • , yif). Therefore, it suffices 
to show x w {:= ^[ X \u w \)) — (• • • , 0, 0, • • • , yi). Let us show this by the 
induction on the length of w. Set w := Si L Si L _ 1 ■ ■ ■ s^s^, w' := Sj i _ 1 • • • Si 2 Si 1 , 
y w := (• • • ,0,0, y L ,y L -i, ■ ■ • , 2/2,2/1) and y w > := (• • • ,0,0, j/l-i, • • • ,2/2,2/i)- Note 
that y w > is the unique solution of eq(i — 1) and also the image of x w > by ^/{ X ^ 
from the hypothesis of the induction. Here we show the following lemma: 

Lemma 4.2 For w and w' as above, let u w \ and U w >\ be the corresponding 
extremal vectors. Then we have 



u wX = /™ aX ^'A, (4-2) 



where f™ ax u := ff u. 



Proof of Lemma 1 



By the definition of /f ax , f™ ax u w < x ^ 0. Owing to 
the uniqueness of the extremal vector, it suffices to show 

wt{ff^u w , x ) = wX. (4.3) 
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Let Sl be the z^-string in B(X) including u w i\. By Theorem 1.1 (iii), we know 
that Sl nB w i(X) is equal to (1) Sl or (2) {highest weight vector in Sl}- In the 
case (1), u w /\ is the lowest weight vector in Sl since fx y w'X when B w > (A) M ^ 0. 
This implies (hi L ,w'X) < 0. Suppose that (hi L ,w'X) < 0. Then we have 



wA — Si L (w A) = w'A — (hi L , w'A)ai L >- w A, 



(4.4) 



which contradicts Theorem [hi] (ii). Thus, in this case we have (hi L w'X) = 
and then the length of Sl = 0. This means tfi L (u w >\) = and then u w \ = u w '\. 
In the case (2), since Si L (u w '\) = 0, we have ipi L (u w 'x) — (hi L ,wt(u w i\)) and 
then 

wt{fiT* u w'x) = w'X- (p iL {u w tx)oti L 

= w'X- (h iL ,wt(u w >\)}a iL 
= Si L (w'X) = wX. 



Now, we obtain (4.3) and then completed the proof of Lemma 4.2 
By this lemma, it suffices to show 



f max 

J It, V*> 



Vu 



□ 



(4.5) 



Let us see how fo L acts on y w i. For k £ Z>i and m £ Z>o we set k^ 1 ' := few, 
k (+m) . = ( fc (+(m-l)))(+) and fc (-m) . = ( fe F(m-l)))(-) ( as for fc (±) ) see 2 .3). For 

m > 1, we have 

0£C- 



Since (y w ') = for fc < L — 1, we have by (4.6) 

= ctl(-2) (y^O = • • ■ = o h( - m) (y w >) = 

Now we consider the following cases: 

(a)4- ) (y^)<0. (b) 4" V') > 0. 
In the case (a), we have 



(4.6) 



ot\v W ')- (4.7) 







•) = - = <^W (4 ' 8) 



It follows from ( p.3| ) that 

fi L {yw>) = (•■•, • ■ 

In the case (b), we have 



(4.9) 



0= ••• = 0£C+m) 



■ ■ = o- L (y W ') 



\ (4-10) 



which implies (y w i ) = by (^J) . In this case, by fl3.5| ) and ( |3.6[ ) we have 

E»t(l/u;') = Vo (yw') = -(^Li wt (yw)), (4.11) 
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and then also by (3.7) we have 

PiiiVw) = £i L (Vw>) + (h lL ,wt(y w ,)) = 0, 



(4.12) 



which implies that y w i is the lowest weight vector in the i ^-string including y w / . 
Thus, the case (b) corrsponds to the case (1) in the proof of Lemma 4.2. So the 
length of z^-string is and then we have Si L {y w >) — 0. By ( 4.1 0| ) and ( |4.1l| ) we 
have = {y w >) = ■■■ = a L {-)(y w >) = <J L (y w >) = 0, and then (3^\y w >)0 by 
(U), which means y w = y w >{= f™ ayL y w >), 



that is, (4.5) with = 0. 
In the case (a), we can suppose that ipi L (y w ') > 0. Let us show 



= (•■•. 0,0, fc s ite- 



1) • • • 



.J/2, J/0) 



(4.13) 



for 1 < k < <Pi L (y w >) by the induction on k. Assuming ( 1.13[ ) (1 < k < 
ViiiVw')), let us see j^ 1 (?/„/). Set y := f? L (y w >) = {■■■, 0,0, k,y L -i,-- ■ ,V2,yi)- 
In the case (a), by the argument for the case (1) in the proof of Lemma p~2| , we 
have £i L {y w <) — and then by <Jl{3Jw') = and (3.8), 

Vil{Vw') = (h L ,wt(y w ,)) = -aS h >{y w >) = ■■■ = -a U -){y wl ) = -Pl\yw') 

(4.14) 

Set F :— fi L (y w ') — ~Pi, \vw)- On the other hand, if ii = i^, we have 

<r l (y)=(T l (y w >) + 2k = -F + 2k (I < L), <J L (y) = k. (4.15) 



It follows from (|4.14|) and (|4 . 1 5[) that if k < F, we have cr L (- n )(y) = 2k - F < 
k = <jl{v) > = a L (+ m ) (y) (m, n > 0) and then by 



fi L (y) = (••• I o,o,fc + i,y L -i,---,yi)- 



Hence, we obtain 



/r x (y-') = ff L M = (• • • ,o,o, 



(4.16) 



(4.17) 



Here (yi, ■ ■ • , \y w >)) satisfies the equations eq(L) and then it follows 



that y w = f^{y w >). 



□ 



Remark. Note that we obtain Proposition |LlJ without the assumption "am- 
ple". In 0, Example 3.9], we introduced the "non-ample" exmple: q = A 3 and 
l = 212321. But, even in this case, applying Propsition 4.1 we have 



Sl = (0,0,0,Ai + A 2 + A 3 ,Ai + A 2 ,Ai), 
52S1 = (0, 0, A3, Xi + A 2 + A 3 , \i + A 2 , Ai), 



^SiS2S 3 S2Si 



(0, A 2 + A 3 , A 3 , Ai + A 2 + A 3 , Ai + A 2 , Ai), 



x s2s 1 s 2 s 3 s 2 s 1 — (A 2 , A 2 + A3, A3, Ai + A 2 + A3, Ai + A 2 , Ai), 
where A^ = {hi, A). 

4.2 Rank 2 cases 



We apply Propositon |4.1| to arbitrary rank 2 cases. 



11 



First we review the result in |L0| . The setting here is same as those in [|To| . 
We set / = {1, 2}, and u = (• ■ • , 2, 1, 2, 1). The Cartan matrix is given by: 

(hi, ax) = (h 2 ,a 2 ) = 2, (hx,a 2 ) = -ex, (h 2 ,ax) = -c 2 . 

Here we either have c\ — c 2 — 0, or both c\ and c 2 are positive integers. We set 
X = c\c 2 — 2, and define the integer sequence a/ = <z;(ci, C2) for ^ > by setting 
do = 0, Oi = 1 and, for k > 1, 

a 2 fe = CiP^X), a 2fe+1 - P fe (X) + Pk-i(X), (4.18) 

where the Pk(X) are Chebyshev polynomials given by the following generating 
function: 

Y J Pk{X)z k = {l-Xz + z 2 )- 1 . (4.19) 

fc>0 

Here define a[(cx, c 2 ) :— ai(c 2 ,cx). The several first Chebyshev polynomials and 
terms a; are given by 

P (X) = 1, Px(X) = X, P 2 (X) = X 2 -l, P 3 (X) = X 3 - 2X, 

a 2 = ci, as = C1C2 — 1, 04 = ci(ciC2 — 2), 

«5 = (cic 2 - l)(cic 2 - 2) - 1, a 6 = ci(cic 2 - l)(cic 2 - 3). 

Let i max = ?max(ci, c 2 ) be the minimal index I such that a/+i < (if a; > for 
all I > 0, then we set Z max = +00). By inspection, if Cic 2 = (resp. 1, 2, 3) then 
^max = 2 (resp. 3,4,6). Furthermore, if cic 2 < 3 then a/ max = and a; > for 
1 < I < Z max . On the other hand, if cic 2 > 4, i.e., X > 2, it is easy to see from 
( 4.19 ) that Pk(X) > for k > 0, hence a; > for Z > 1; in particular, in this 

hoo. 



Proposition 4.3 ([10]) In the rank 2 case, for a dominant integral weight X 
miAi + m 2 A 2 (mi,m 2 6 Z>o) the image of the embedding is given by 

x k = for k > Z max , mi >xi, 
t at,(a)\ ) I \ r- 700 aixi - ai-ixi+i > 0, 1 , . 

im($()) = {(-^^i)ez> o: m 2 + a ; +1 x i - a ; a;;+1 >o, >■ (4J,n 

for 1 < I < / max 

Note that the cases when Z max < +00, or equivalently, the image Im(1^ A) ) 
is contained in a lattice of finite rank, just correspond to the Lie algebras g — 
A x x Ax, A 2 , B 2 or C 2 , G 2 . 

For L e Z> (L < l max ), we set 

/ sx(s 2 sx) 1 if L = 21 + 1, . . 

Wi := ( (W if£ = 2Z. (421) 

For a dominant integrable weight A = miAi + m 2 A 2 G P+, we define the integer 
sequence dk = dk(cx, c 2 ) (k > 1) as follows: 

dk{c\,c 2 ) := mxdk(c 2 ,cx) + m 2 a,k-x(cx,c 2 ), (4.22) 



where {afc}fc>o is the integer sequence given in (4.18). 
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Proposition 4.4 The image x WL of the extremal vector u WL \ S B WL (X) (A = 
miAi + m 2 A 2 <E P+) associated with wl S W can &e described as follows: 

Xwl (— *1 A) Kxa)) = (■■•,0,0,d L ,d L _i,---,d 2 ,di). (4.23) 
Proof. In this setting, we have 

/3i (x) = xi - mi, /^"^(sc) = x<i — c 2 x\ - m 2 , 

02k+l( X ) = x 2k+l - CiX 2 k + X 2 k~l, P2k{ 2 ( X ) = X 2k+2 - C 2 X 2k+ i + X 2k , (ft > 1). 

We shall show d%, da, ■ ■ ■ , cLl are the solutions of the equations 

(3{-\x) =^~\x)=--- = f3 { - ] (x) = 0. (4.24) 

Solving p[ \x) = (3 2 \x) = 0, we have 

xi = nil = mia'i + m 2 ao = d\, x 2 — rrt\c 2 + m 2 = m\a! 2 + m 2 a\ = d 2 . 

(4.25) 

Here note that we can write d k = mia' k + m 2 a k -\. By the definition of a k , we 
can easily see that {a k } (resp. {a' k }) is uniquely determined by 

a = 0, ai = 1, a 2k+ i = c 2 a 2k - a 2 k-x, a 2k+2 = cia 2k+ i - a 2k , (k > 0). 
(resp. a' = 0, a[ = 1, a' 2k+1 = Cl a' 2k - a^_ 1? a' 2k+2 = c 2 a' 2k+1 - a' 2k .). 

Here for k > 1 we have d 2k+ i — c\d 2k + d 2k -i = rrii(a' 2k+1 — c\a' 2k + a 2k _ 1 ) + 
m 2 (a 2k -cia 2k -i+a 2k - 2 ) = and d 2k+2 ~c 2 d 2k+ i+d 2k = mi(a' 2k+2 -c 2 a' 2k+1 + 
a' 2k ) +m 2 (a 2k+ i - c 2 a 2k + a 2 fc-i) = 0, which implies that (di, d 2 , ■ ■ ■ , c?l) is the 
unique solution of ( 4.24 ). Now, we obtain the desired result. rj 

In conclusion of this section, we illustlate the case of that is, c\ = 

c 2 = 2. In this case, X = c\c 2 — 2 = 2. It follows at once from ( 4.19| ) that 
P fe (2) = k + 1; hence, ([4. 18|) gives ai = I for / > 0. We see that for type ^4^, 

x WL = (•••,0,0, Lmi + (L - l)m 2 , • • • , kmi + (k — l)m 2 , • • • , 2mi + m 2 , mi). 
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